ABSTRACT This paper is concerned with the issue of adaptive fuzzy sliding mode control for fuzzy underactuated translational oscillator with rotating actuator (TORA). Since the system considered in this paper is accompanied by strong inputs coupling and nonlinear characteristics, the feedback decoupling and fuzzy technique are introduced to establish a linear fuzzy underactuated TORA system. The two-order fuzzy sliding surface with adaptive parameters is designed, where the adaptive control is introduced to adjust the parameters of sliding surface such that the system performance could be improved. The sliding mode control law is synthesized to guarantee the sliding mode dynamics to be asymptotically stable and robust, and the reachability analysis is presented to ensure that the system trajectories can be driven onto the sliding mode surface and remain there for the subsequent time. Simulation results are provided to compare with the existing results and validate the effectiveness and feasibility of the proposed scheme.
I. INTRODUCTION
As a class of typical nonlinear systems, the underactuated mechanical systems bring a great challenge to the controller design due to its control inputs less than the degree of freedom of the systems [18] , [19] . So far, there is still no a control method that is applicable to arbitrary underactuated systems. In order to further study the control theory of underactuated mechanical systems, the translational oscillator benchmark system based on rotation excitation is proposed, which is abstracted from the resonance acquisition phenomenon of dual spin satellites in aerospace field. As a simplified model of dual spin spacecraft, the research of control strategy of the underactuated translational oscillator with rotating actuator (TORA) systems is of great theoretical significance not only for nonlinear control theory, but also for aerospace, machinery and other practical application fields. Therefore, many experts and scholars have put forward a number of control methods to investigate the underactuated systems, for example, Olfati-Saber [18] constructs the normal forms for underactuated mechanical systems with symmetry; then, the stability and the experimental implement for the underactuated mechanical systems are analyzed in [20] - [23] ; subsequently, several controller design methods like the output feedback control, back-stepping control, decoupling control and sliding mode control for the underactuated systems are proposed in [18] and [20] - [23] ; a survey [19] of the underactuated mechanical system is published by Liu et al; Furthermore, as one benchmark system of the underactuated mechanical systems, the TORA system also has a deep development in theoretical fields, such as, the output feedback and output regulation are used in TORA systems in [24] and [29] , which only uses the output variables information and improves the systems performance; other methods which are utilized to regulate the system performance, like linear parameter varying (LPV) controller [30] and robust H ∞ controller [31] are designed for RTAC and TORA underactuated systems, respectively, both of them are adapted to adjust the parameters and disturbances; the concept of dissipativity is introduced into the TORA systems in [2] , [9] , and [32] to evaluate the extent of stability of the closed systems; In recent years, the scholars proposed a sliding mode control method for the underactuated systems, which can eliminate the parameter uncertainties and disturbances of the systems [14] , [15] , [22] , [23] .
However, it should be pointed out that most of the aforementioned existing works did not solve the problem of strong coupling of control input [18] . As we all know that this kind of systems are accompanied by strong inputs coupling and nonlinear characteristics. Thus, the most important thing is to find a effective way to deal with the issue of control inputs coupling. In this paper, the decoupling technology [11] , [18] , [28] with the feedback technology for the TORA systems is applied in this paper. On the other hand, there is few works focused on the underactuated system modeling with the fuzzy technique, thus, we can firstly use the fuzzy technique to linearize piecewise the underactuated system with the fuzzy rules in different operation points. Some literatures have adapted the fuzzy technique to linearize the nonlinear system and modeled a linear system, and then they can use the existing linear methods to stabilize and control the system [4] - [7] , [14] - [17] .
Furthermore, as a powerful tool for nonlinear systems, the sliding mode control (SMC) received much attention in actual industrial field and control theory since it possesses strong robustness to the model uncertainty and disturbances and rapid state response. Some of key results about the sliding mode control can refer to [1] - [5] and [8] - [12] , the state estimation, the adaptive control, event-triggered control, asynchronous control and passivity are contained in those papers and references therein. Thus, the SMC technique is used in this paper to strong the stability and robustness of the closed-loop systems.
In this paper, firstly, the feedback decoupling technology will used to decoupling the underactuated TORA system, and then the fuzzy technique is adapted to establish a linear system, furthermore the sliding mode control method is to stabilize and robust the linearized fuzzy underactuated TORA system, where the adaptive control will be introduced to adjust the parameters of sliding surface such that the system performance could be improved. The main contributions and significance of this paper are summarized as below points: 1) Since the coupling in control inputs is a severe issue for the underactuated TORA system and many literatures ignore such problem, therefore, the feedback decoupling technique is used to decoupling the underactuated TORA system. 2) Few existing works and results have investigated the problem of modeling a linear underactuated TORA system with the fuzzy technique. This will be the first time to do such a work, and that is one of our effort in this article.
3) The sliding mode control method is combined with the adaptive fuzzy technology to stabilize the underactuated TORA system, and the sliding mode control law is synthesized to drive the sliding dynamics onto the sliding surface in finite time.
The rest of the paper is organized as follows. The section 2 is populated with the description and preliminary of the system, where the system control input is decoupled and the fuzzy underactuated TORA system is established with a linear form; the adaptive fuzzy sliding surface function is designed in section 3; and the reachability of the sliding dynamics is analysed in section 4; and finally, a simulation example is given to compare with the existing works and validate the effectiveness and feasibility of the proposed theory in section 5.
II. SYSTEM DESCRIPTION AND PRELIMINARIES
The system of translational oscillator with rotating actuator is shown in FIGURE 1, which consists of a non-driven translational oscillator and a rotating ball mounted on it. The point O represents the center of rotating actuator. The car with a mass of M is fixed by a spring with an elastic coefficient of k and translates in the direction of the x axis. A ball with a mass of m and rotary inertia of J is fixed on the car and make a rotating motion of a radius of r. Since the control input just contains the input torque of τ on the ball, and the control output includes the displacement x of the car and the angle θ of the ball against clockwise. The degree of freedom of the system is two, but there is one control input. Thus, the system of TORA is a typical underactuated system. Based on the conservation of energy, the Euler-Lagrange method [32] is utilized to model the dynamics of the underactuated TORA system as follows:
Remark 1: In underactuated TORA system, the input torque τ can only directly change the angle θ of the ball rotation, however there is a coupling between the rotation angle θ of the ball and the displacement x of the car, which makes the control input torque control two state variables simultaneously. Therefore, the underactuated TORA system is a kind of experimental device which is more complex and difficult to control. This experimental device can be used to study and verify the correctness of the control method, which is of great significance for the study of nonlinear underactuated system.
+ J , and the equation (1) 
Define variables vector
then, from the equations (2), the dynamics of the underactuated TORA system (1) can be formulated as: 
that is :
where 
Remark 2:
From the above equations, we can see that there exists coupling phenomenon in state variableξ 2 . In the following, the feedback decoupling control technology will be applied to deal with this problem such that there is no control input τ in state variableξ 2 .
In order to apply the decoupling technology, the feedback control is done first for the underactuated TORA system (4). The feedback control law is as below:
Thus, we have
Instituting (6) into (4), it follows that
According to the decoupling technology for underactuated systems [18] , [28] , and define
T , we can get that
Then, we have 3 .
. Thus, there is no control input coupling in the second state variable, that is to say, there is only a variable contains the control input.
Then, we will establish a T-S fuzzy model for the underactuated TORA system by the VOLUME 6, 2018
Based on a lot of experiments' data, choose three operation points: a) [ 
T , u 0 = * ; where * denotes its value is arbitrary.
1) The operation point is fixed at Z 0 = [0 0 0 0] T , u 0 = 0. By utilizing Taylor's formula at local neighborhood of this operation point, we have:
where •(Z − Z 0 ) and •(u − u 0 ) stand for the higher order terms of Z − Z 0 and u − u 0 , respectively. Since the higher order terms of Z − Z 0 and u − u 0 make little sense to the above model, we can remove it from (10).
Considering that this operation point is an equilibrium state of the underactuated TORA system, therefore, H (Z 0 , u 0 ) = 0, and 
where the parameters of the TORA system are listed in the TABLE 1. 2) The operation point is embodied at
T , u 0 = 0. Since the value of H (Z 0 , u 0 ) does not equal to zero, the local model neighbors the operation would an affine linear model by using the affine-linearization. Then, the problem we faced turns to find constant matrices A and B so that
in the local neighborhood of this operation point. Considering that u is arbitrary, one can get
thus, we need to find the constant matrix A satisfying that
Define that a i and F i are the ith row of A and ith element of F such that
By using the method of [13] and [16] , for Z 0 = 0, we have
then, the constant matrices A and B could be obtained as Therefore, the fuzzy underactuated TORA system can be given asŻ
where µ i (z 3 (t)) denotes the membership function of the input z 3 (t), which will be given in the simulation part.
III. DESIGN OF ADAPTIVE FUZZY SLIDING SURFACE FUNCTION
This subsection is concerned with the adaptive fuzzy sliding mode control for the underactuated TORA system (17) such that the closed-loop system possesses strong robustness to the uncertainties and disturbances, and the system trajectory could be driven onto the sliding surface and then remain there for subsequent time.
As we can see from the above discussion, the purpose of this paper can be summarized as two aspects: Positioning and Anti-swing. In order to realize the two purposes, we firstly design the sliding surface function separately, that is,
where γ 1 (z 1 ) and γ 2 (z 3 ) are adaptive positive parameters related to z 1 and z 3 , respectively.
Remark 3:
For one thing, the selection of parameters γ 1 (z 1 ) and γ 2 (z 3 ) may have an impact on the performance of the system, such as the rise-time, response speed and overshoot. For another, the values of γ 1 (z 1 ) and γ 2 (z 3 ) would be restricted by time delay, natural frequency of system and sampling rate in a actual mechanical systems. Thus, the adaptive method will be adapted to adjust the parameters γ 1 (z 1 ) and γ 2 (z 3 ) so that the transient performance of the system can be improved.
Remark 4: Since there are some drawbacks of the conventional first-order sliding mode controller like the demand of high gain and chattering phenomenon. Even though the chattering could be depressed with a saturation function in the signum function of the sliding control law(quasi sliding mode method), the robustness to the uncertainties and disturbances would be faded and the demand of high gain is still unsolved. However, the higher order sliding mode control can not only overcome the demand of high gain, the chattering of the dynamics could be eliminated, and the performances of the dynamics containing robustness, fast response also can be satisfied. Besides, the parameters of the sliding surface function in this paper are adjusted by the adaptive control. As we know that the conventional sliding surface function would be designed with some constant parameters, however, if the parameters of the sliding mode surface function are changed as the sliding mode dynamics, the chattering would be depressed to some extend, on the other hand, the moving (adaptive) sliding surface also could satisfy the fast response.
Considering the discussion of Remark 3, the adaptive law of γ l (z 2l−1 ) (l = 1, 2) is given as
where γ c l (l = 1, 2) stands for the fixed value of γ l (z 2l−1 ), the coefficient C l is a positive constant, and γ l (z 2l−1 ) denotes the adjustment value of γ l (z 2l−1 ), its differential is bounded and satisfies that (20) and the fuzzy rules are given as blow.
Rule i (i = 1, 2, 3):
where M i l and γ i l (z 2l−1 ) are the fuzzy sets of input |z 2l−1 | and output γ l (z 2l−1 ), respectively.
Remark 5: In the above equations, the absolute values of |z 1 | and |z 3 | are chosen as the inputs of the fuzzy rules for the positioning and anti-swing purposes, respectively. Then, by the centeriod-gravity defuzzification method, the output is given as:
where
Then, the sliding surface function can be formulated as
where γ is an adaptive positive parameter. Similar to the above definition of γ 1 and γ 2 , the adaptive law of parameter γ is given as
where γ c stands for the fixed value of γ (s 2 ), the coefficient C is a positive constant, and γ (s 2 ) denotes the adjustment value of γ (s 2 ), its differential is bounded and satisfied that
This condition is to restrict the product of the differential of γ (s 2 ) and s 2 is nonpositive and bounded, which will be utilized for following derivation. Then, the fuzzy rules are given as blow.
Rule j (j = 1, 2, 3):
where S j 2 and γ j are the fuzzy sets of input s 2 and output γ (s 2 ), respectively. Then, by the centeriod-gravity defuzzification method, the output is given as:
where η S j 2 (|s 2 |) is the coefficient of defuzzification. Thus, the adaptive fuzzy sliding surface function is synthesized for the underactuated TORA system (17) , and next we will analyze the reachability of the sliding dynamics in the subsequent part.
IV. REACHING CONDITION ANALYSIS
This section is presented the problem of reachability of the sliding dynamics, that is, whether the sliding dynamics could be driven onto the sliding surface in finite time and then remain there for subsequent time.
From the equations (9) and (23), the differential of the s is calculated aṡ
According to the sliding mode control theory, when the sliding dynamics reaches the sliding surface and remain there for subsequent motion, the condition s = 0 andṡ = 0 hold, thus, we can get the equivalent control law as
Then, we will give the theorem on the reachability of the sliding dynamics based on the above discussion.
Consider the underactuated TORA system (17) with the adaptive fuzzy sliding surface function designed as (23) , the sliding dynamics will be driven onto the surface s = 0 by the SMC law:
where ε > 0 is a positive scalar, and K (Z ) and L(Z ) is given in the (28). Remark 6: From the equation (28), we can see that the values of K (Z ) and L(Z ) is time-varying with the change of states Z (t) and the adjustment of γ 1 (z 1 ), γ 2 (z 3 ) and γ (s 2 ) in the inequalities (20) and (25) . Besides, from the inequality (25), we can get the term γ (s 2 
s 2 is non-negative, which will be a critical condition for the reachability of the sliding dynamics.
Choose a Lyapunov functional candidate as
It follows the equation (28) and noticing that s ≤ |s|, the the differential of V (t) is calculated aṡ
From the Remark 6, we know that the term γ (
s 2 is non-negative, while the termĝ 4 is negative which can be obtained from (9) , therefore, L(Z ) is non-positive andV
Thus, the sliding dynamics could be driven onto the pre-desired sliding surface, this completes the proof.
V. SIMULATION EXAMPLE
This subsection is concerned with the experimental validation of the theory proposed in this paper and the comparisons with the existing results. The parameters of the TORA system are given in the TABLE 1.
From the analysis and derivation of II, and according to the practical experiment data and experience, the membership µ i (z 3 (t)) of the input z 3 (t) is given as
, On the other hand, the comparisons between the proposed theory and the existing results can be refer to the FIGURE 2-4 and FIGURE 6-11, where the FIGURE 6-8 and FIGURE 9-11 are simulated according to [15] and [26] . The state response time of the proposed scheme is 6 seconds, while the existing [15] and [26] are 12 seconds and 40 seconds, respectively, that is to say that the proposed scheme could drive the system trajectories converge to the equilibrium point more faster than the existing results, which would be more beneficial to actual circumstances. Besides, though it will be smoother after 0.6 seconds, the maximum value of control input of [26] would be bigger than our method. Let us make a comparison between the reference [15] and our scheme, we can find that not only the state response time will be faster than [15] , but the maximum value of control input would be smaller than [15] and the curve of input is smoother than [15] after 3.5 seconds. The detail comparative information on some performance indexes with the existing results is shown in TABLE 2. 
VI. CONCLUSION
In this paper, the feedback decoupling and fuzzy technology have been combined to establish a linear fuzzy underactuated TORA system, then the two-order sliding surface function with the fuzzy adaptive parameters has been synthesized, the sliding mode control law has been designed to drive the sliding mode dynamics onto the sliding surface in a fast time. Furthermore, the simulation results are formulated to validate the feasibility of the proposed scheme and some comparisons have been made to compare with the existing works and demonstrate the effectiveness of the proposed method. In the future, we will look forward to investigate the issue of 2-dimensional TORA with X -axis and Y -axis. CHENGLONG DU received the B.S. degree in automation from the Harbin Institute of Technology, China, in 2016. He is currently pursuing the Ph.D. degree in control science and engineering with Central South University, Changsha, China. His research interests include sliding mode control, Markovian jump systems, and underactuated systems. VOLUME 6, 2018 
